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Abstract
A plasma that is conﬁned in a closed ﬁeld line geometry such as a levitated
dipole may be subject to the formation of convective cells. Using a “Drift” ﬂuid
model we show that such ﬂow patterns can represent an appropriate equilibrium in
a dipole ﬁeld that contains a plasma with a non-axisymmetric pressure proﬁle. This
can provide a means of fueling and heating a dipole conﬁnement device.
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The use of a dipole magnetic ﬁeld generated by a levitated ring to conﬁne a hot plasma
for fusion power generation was ﬁrst considered by Akira Hasegawa [1, 2]. As a laboratory
approach to controlled fusion a dipole conﬁguration would generate the magnetic ﬁeld with
a circular magnet internal to the plasma. To avoid losses on supports the ring would need
to be superconducting and it would be magnetically levitated within the vacuum chamber.
Since a large ﬂux expansion is necessary to obtain a fusion grade plasma for a ﬁxed edge
plasma the conﬁguration requires a small coil that is levitated within a relatively large
vacuum chamber. An initial test of this concept is embodied in the Levitated Dipole
Experiment (LDX) which is being built jointly by Columbia University and MIT [3].
Since electric potential tends to be constant along magnetic ﬁeld lines it can vary both
radially and azimuthally in a closed ﬁeld line system. This can lead to the formation of
convective cells in closed ﬁeld line conﬁgurations that lack magnetic shear [4, 5, 6]. Thus
in a dipole conﬁguration the magnetic ﬁeld may be axisymmetric but ﬁeld lines can charge
 ×B
 ﬂow patterns.
up leading to steady state, non-axisymmetric E
The conceptual view of convective cells, presented by Dawson and Okuda [4] is that
in a plasma, stable modes will be excited by thermal ﬂuctuations which, even in the
absence of equilibrium ﬂows, will develop non-linearly, into convective cells. Convective
cells were observed in closed ﬁeld line experiments (for example Ref. [6]) but the eﬀective
temperature was observed to be several orders of magnitude above the thermal level. In
this work we show that when the plasma heating is non-axisymmetric, convective ﬂows
tend to develop in the equilibrium. In solving the equilibrium problem it is important to
include the diamagnetic ﬂows which are of comparable magnitude to the E × B (electricﬁeld driven) ﬂows. (The E ×B ﬂow is the only ﬂow included in the magnetohydrodynamic
(MHD) equations). In fact convective cells are seen to form in regions where the E × B
and diamagnetic ﬂows approximately cancel.
It should be pointed out that convective cells lead to particle transport but not nec1

essarily to energy transport. In fact at the pressure gradient that is marginally stable to
interchange modes convective ﬂows would transport particles without a net transport of
energy, i.e. the hot core plasma cools as it convects outwards and the outer plasma heats
as it convects inward. This would provide an ideal approach for the fueling and heating
of a reacting fusion plasma.
The MHD equations often provide a convenient starting point for a ﬂuid model. However, MHD assumes that E × B drifts are much larger than diamagnetic drifts and this
assumption is not appropriate for the study of convective ﬂows. We will therefore use
the so-called “drift model” [7, 8] which keeps both ﬂow terms. In the drift model we
approximate the ﬂow by


P + Vb
 = B × ∇φ + B × ∇p + Vb ≡ VE + V
V
B2
ene B 2

(1)


with b ≡ B/B
and we assume a single hydrogenic ion species, i.e. ne = ni is the plasma
density. The lowest order moments of the drift model ﬂuid equations take the form:
∇(ρV ) = S

(2)


ρV · ∇VE + ρ(VE + Vb) · ∇V = −∇p + J × B

(3)

where ρ(ψ) is the mass density, ρ = min(ψ), p is the pressure, S is the particle source and
J and B are the self-consistent current density and magnetic ﬁeld. The Eqs. (2) and (3)
are respectively the continuity and the force balance equations. Notice the momentum
equation is similar to the MHD force balance equation except for V → VE in the advective
term due to the so-called gyroviscous cancellation [7, 8].
For the ﬁeld of a ﬂoating ring (at ﬁnite β) the magnetic ﬁeld is poloidal and to lowest
order axisymmetric and we can use orthogonal ﬂux co-ordinates (ψ, ζ, χ) such that
 = ∇ψ × ∇ζ = α∇χ with ψ the ﬂux co-ordinate, ζ the toroidal angle co-ordinate and
B
χ the along-the-ﬁeld-line coordinate. (For a vacuum ﬁeld α = 1 and χ is the magnetic
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scalar potential.) In equilibrium the pressure and the electrostatic potential tend to be
constant on a ﬁeld line and when heating is not azimuthally symmetric in a closed ﬁeld
line system, the pressure can vary both radially (in the ﬂux co-ordinate) and azimuthally.
 · ∇V = ∇V 2/2 − V × (∇ × V
 ), we expect an azimuthal gradient in
Since we can write V
p to lead to an azimuthal gradient in V 2 /2.
In ﬂux co-ordinates the ﬂow velocity (Eq. 1) becomes


V =







∇φ · ∇ζ ∇p · ∇ζ
∇φ · ∇ψ ∇p · ∇ψ
+
∇ψ −
+
∇ζ + Vb
2
2
B
ene B
B2
ene B 2

(4)

which can be written as
 = 1
V
RB









1 ∂p
∂φ
∂φ
1 ∂p
+
eζ +
eψ − R
eζ + Vb
∂ζ ene ∂ζ
∂ψ
ene ∂ψ

(5)

with eψ = ∇ψ/|∇ψ| and eζ = ∇ζ/|∇ζ|. We will assume up-down symmetry for the
ﬂoating ring ﬁeld and plasma.
We are interested in the φ contours on the midplane deﬁned by χ = 0. We will simplify
Eq. (3) by assuming that V ∂/∂χ = 0 on the midplane and that κψ is not changed by
the perturbed (non-axisymmetric) pressure. This assumption decouples the continuity
equation from the momentum equation at the midplane. The variation of V is discussed
in the appendix. Setting V ∂/∂χ = 0 and taking the dot product of Eq. (3) with eψ and
eζ yields the following momentum balance equations:


1 ∂p ∂
∂φ
1 ∂p ∂
∂φ
+
)
−(
+
)
ρ (
∂ζ
ene ∂ζ ∂ψ
∂ψ ene ∂ψ ∂ζ



∂φ
mi R ∂φ ∂p
1 ∂φ
− ρR( )2 −
RB ∂ζ
∂ψ
e ∂ψ ∂ψ

= −eψ · ∇(p + B 2/2µ0 ) + B 2κψ /µ0

(6)

and




1 ∂p ∂
∂φ
1 ∂p ∂
ρ ∂φ ∂φ
mi ∂p ∂φ
∂φ
∂φ
+
)
−(
+
)
+
+
R
ρ (
∂ψ ene ∂ψ ∂ζ
∂ζ
ene ∂ζ ∂ψ
∂ψ RB ∂ψ ∂ζ eRB ∂ψ ∂ζ
1
= − eζ · ∇(p + B 2/2µ0 )
R
3

(7)

with κ = b · ∇b and for the poloidal ﬁeld of a ﬂoating ring κ = κeψ = κψ . Equations
(6) and (7) represent momentum balance in the ∇ψ and ∇ζ directions. We have used
(∂/∂ζ)eψ = eζ and (∂/∂ζ)eζ = −eψ .
We will consider the case in which the equilibrium is, to lowest order, axisymmetric
and for simplicity consider a low β equilibrium (although a high β equilibrium could have
also been used). We consider plasma ﬂows in the presence of a small non-axisymmetric
heating component which would lead to a non-axisymmetric pressure proﬁle. Therefore
we will assume pressure, potential and magnetic ﬁeld proﬁles that contain small harmonic
azimuthal variations as follows:
p(ψ, ζ) = p0 (ψ) + p1 (ψ)cos(nζ)
φ(ψ, ζ) = φ0(ψ) + φ1 (ψ)cos(nζ)

B(ψ,
ζ, χ = 0) = eZ [B0 (ψ) + B1 (ψ)cos(nζ)]

(8)

with φ1/φ0 ≡ ∆  1, etc. and linearize equations (6) and (7). At the midplane (χ = 0)
we can express the linearized force balance equations as ordinary diﬀerential equations
 = BeZ . Thus we
(ODEs) in the midplane radius, R, noting that dψ = −BRdR and B
obtain the momentum balance equations (at the midplane):


Rφ










p
p
(RB0 )2
B0B1Z
p
+ B0 B1Z
B0 B1Z
2φ0 + 0 −n2 φ φ0 + 0 +Rφ0
=
(p +
) − 2κR
ene
ene
ene
ρ
2µ0
µ0
(9)

and


φ









p
p
B2
B0 B1Z
p
φ0
dlnB0
dlnB0
φ0 + 0 −φ
+
(φ0
+ 0 + φ0 − φ0
−φ0 ) = − 0 p +
ene
R
ene R
dR
ene
dR
ρ
µ0
(10)

We have dropped the subscripts on φ1 and p1 and the prime denotes derivatives with
respect to the midplane radius. Equations (9) and (10) are coupled ODE’s. Using a guess
for p(R), p0 (R), ρ0 (R) and φ0 (R) we can solve for φ and B1Z . Appropriate boundary
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.



conditions are φ(R0 ) = φ(Rw ) = 0 with R0 the radial location of the outer edge of the
ﬂoating coil and Rw the location of the wall of the vacuum vessel. We solve using a
shooting method in which we set φ(R0) = 0 and adjust B1 (R0 ) to obtain φ(Rw ) = 0
From Eq. 9 we observe that when |φ0 + p0 /ene |  |φ0 |, which corresponds to a
region where the equilibrium ﬂuid ﬂow nearly stagnates, we can estimate eRφ/T ∼
(R/ρLi )2 ∆

1 with ρLi the ion gyroradius. In this circumstance φ can become large

and if |φ| > |φ0 | the linearity assumption is violated in this region. The linearization,
however, remains appropriate everywhere except for the small region where the ﬂuid ﬂow
stagnates (near where φ0 + p0 /ene ∼ 0) and the solution in the stagnation region must
connect smoothly to the linear solutions on both sides of this region. We are primarily
interested in determining the width of the region in which |φ| > |φ0|. Therefore we will
assume that the solution in the stagnation region is approximately correct.
Importantly, when |φ | > |φ0| and φ/φ0 < 0 the ExB guiding center drift will reverse
and result in the formation of a closed guiding center ﬂow pattern which corresponds to
a convective cell. Since the diamagnetic drift does not represent a movement of guiding
centers it does not contribute to the convective cell formation.
When φ0 + p0 /ene = 0 we ﬁnd that |φ| → ∞. However the validity of the ﬂuid
equations requires the assumption of small ion gyro radius, i.e. |eφ| < Ti /ρLi . We will
choose equilibrium proﬁles that avoid the condition φ0 + p0 /ene = 0 and thereby satisfy
the small gyroradius ordering.
We will consider a plasma conﬁned in the ﬁeld of a ﬂoating ring. The magnetic ﬁeld
is only poloidal and the closed ﬁeld lines (in the poloidal plane) link the current loop
so that the plasma conﬁned in this conﬁguration will surround the “ﬂoating” coil. We
will utilize the magnetic ﬁeld of a circular current loop which can be expressed in terms
of elliptic functions and for illustrative purposes we utilize plasma parameters similar
to those expected in the LDX experiment [3] (loop radius is 0.4 m). The use of the
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vacuum ﬁeld of a current loop implies a low beta plasma. The assumption of low beta is
not necessary to the calculations that follow but it is convenient to use this simple ﬁeld
representation. We also assume an equilibrium azimuthal rotation, i.e. ωζ = Vζ /R and
for simplicity we will consider the lowest order rotation to be rigid, i.e. ωζ =constant.
We expect that non-axisymmetric heating will result in a non-axisymmetric pressure
proﬁle. However, due to the toroidal rotation the pressure asymmetry is expected to be
smaller than the heating asymmetry, i.e. a heat deposition H(ψ, ζ) = H0 (ψ) + δH(ψ, ζ)
yields a pressure proﬁle p(ψ, ζ) = p0 (ψ) + δp(ψ, ζ), and δp/p = (1/τE ωζ )δH/H and
τE = a2/4χE with χE is the thermal diﬀusivity.
Consider a model pressure proﬁle on the outer midplane, p0 (R), which will have p0 = 0
at the outer radius of the ﬂoating ring (at R = R0) and at the vacuum chamber wall (at
R = Rw ):


p0 (R) = 0.5P0 1 − cos(2πn


ρ(R) = mi ne (R) = 0.5ρ0

R − R0
)
Rw − R0
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R − R0
1 − cos(2πn
)
Rw − R0

8

(11)

For this model proﬁle the maximum value of p(R) occurs at (Rw + R0 )/2. The perturbed
pressure, p1 (R) = ∆ p0 (R) and ∆ the ratio of the non-axisymmetric pressure to the
background pressure.
The assumed equilibrium pressure and density proﬁles are shown in Fig. 1. The
pressure extends from R=0.5 m, assumed to be the edge of the ﬂoating coil, out to
R=2.5m , the assumed wall location and has an assumed peak at R=1.5 m. We will also
impose an equilibrium potential proﬁle that gives rise to the equilibrium potential proﬁle
shown in Fig. 1c which corresponds to a rigid plasma rotation of 1.3 KHz.
The net equilibrium ﬂow, VE + VP (proportional to φ0 + p0 /ene ) is shown in Fig. 2.
Since the pressure gradient changes sign on the two sides of the pressure peak the two
ﬂow terms will subtract in the outer part of the plasma beyond the pressure peak. For
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our assumed proﬁles the net equilibrium ﬂow is close to zero at R=1.7 m.
For a perturbed density proﬁle, p(R) = 0.02p0 (R), an n=1 azimuthal pressure variation
and an equilibrium potential proﬁle characterized by rigid rotation at 1.3 KHz with an
edge potential of 100 eV, the resulting radial perturbed potential variation is displayed
in Fig. 3. The maximum value of φ shown in Fig. 3 is 10 V/cm which occurs at
the position of the minimum of φ0 + p0 /ene . The requirement for validity of the ﬂuid
equations is φ < Ti /ρi and if we take Ti=100 eV and B=0.2T we obtain the requirement
|φ| < 200 V/cm, which is easily satisﬁed. The perturbed potential is maximum at R=1.6
m. The midplane contours of perturbed potential are shown in Fig. 4 and we observe the
formation of an island near R=1.6 m, i.e. on the outside of the peak pressure location.
Since the diamagnetic ﬂow is not a guiding center ﬂow the contours of perturbed potential
can be thought of as streamlines of the ﬂow of gyrocenters. Thus we ﬁnd that convective
cells tend to form in the region where φ0 + p0 /ene  φ0.
Strictly speaking, the equilibrium curvature and magnetic ﬁeld gradient drifts are
guiding center drifts and should be considered in determining the pattern of guiding
center drifts. For simplicity we could consider the equilibrium toroidal drift, which we took
to represent a rigid rotation, to represent the sum of curvature-driven and electrostatic
potential driven drifts.
We have considered a situation in which the asymmetric heating had a similar radial
pressure proﬁle to the equilibrium (symmetric) pressure. In the region between the pressure peak and the vacuum chamber wall we expect the pressure proﬁle to be marginally
stable to interchange modes, i.e. p ∝ V −γ with γ = 5/3 and V =



d*/B. In so far as

the ﬂow is adiabatic (as assumed in MHD), energy is not expected to be transported by
ﬂows when the marginal interchange condition are satisﬁed. Thus convective ﬂow in the
outer region of the plasma (beyond the pressure peak) are expected to transport particles
without transporting energy [9]. This would oﬀer an ideal means for fuelling, heating and
7

cleansing a dipole-based fusion reactor.
In the inner plasma (between the ﬂoating coil and the pressure peak) the electric
and diamagnetic ﬂows add and therefore it is diﬃcult for convective ﬂows to form in this
region. However, if suﬃcient asymmetric heating is applied in this inner region convective
cells could form and they would result in an undesirable ﬂow of plasma particles and heat
towards the ring.
Convective ﬂows can be utilized for plasma heating and this process illustrates a unique
capability of the dipole concept. We have seen that a small amount of pressure asymmetry
will generate large scale plasma ﬂow patterns. Assuming adiabatic ﬂow, the plasma energy
is conserved as the plasma moves inwards, i.e. pV γ is conserved, the plasma heats as it
moves inwards (and the ﬂux tube is compressed). Therefore a warm edge plasma would
heat up as the plasma convects inwards and the convection process provides an ideal
approach for the heating of a dipole based fusion power source. As plasma is transported
within the moving ﬂux tubes the number of particles within a ﬂux tube is conserved and
therefore the density goes as ne ∝ 1/V . When p ∝ 1/V γ and ne ∝ 1/V the value of
η = dln T /d ln ne = 2/3 which will lead to stability of η driven drift waves [10]. This
approach is similar to the suggestion of Hasegawa [1] for the use of low frequency magnetic
ﬂuctuations which can break the ﬂux invariant and can result in cross-ﬁeld transport and
associated heating.
The LDX ﬂoating dipole experiment is planning to use electron cyclotron resonance
(ECR) heating. Although the propagation of ECR waves is limited by a density dependent
2
cutoﬀ (ncrit
∝ fRF
) we observe that if we can heat in the outer, low density plasma
e

region, convective ﬂows may transport the warm plasma inward to eﬀectively extend the
applicability of ECR heating. In a dipole experiment the factor (Vedge /Vcore )γ can be as
large as 103 −104 so a considerable heat-up could be obtained in this fashion. For example
one might design a reactor in which the fuel heats up to ignition temperature as it ﬂows
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inwards and the ash cools as it ﬂows outwards.

Appendix: Parallel Flows
In deriving Eqs. 6 and 7 we have ignored terms that derive from Vb · ∇ in Eq. 3. This is
consistent with an assumption that there is up-down symmetry in both the equilibrium
quantities and potential φ. This does not necessarily imply that there is not ﬂow present
along the ﬁeld and in general V = 0. The parallel momentum equation (Eq. 3) can be
written as follows:
 · ∇(
B

V2 VE2
+
) + ∇ · (BVVE ) = −B · ∇p.
2
2

(12)

In general pressure will vary along the ﬁeld line. In ﬂux coordinates the continuity equation (Eq. 2) yields:
ρ

∂ ρα ∂φ
∂ ρα ∂φ
αS
∂ V
( )=
( 2
)−
( 2 )+ 2.
∂χ B
∂ζ B ∂ψ
∂ψ B ∂ζ
B

(13)

Equations 12 and 13 can be solved for pressure, p(χ) and V . At the midplane ∂/∂ψ =
−(1/BR)∂/∂R and ∂/∂χ = (1/B)∂/∂Z. Equation (13) then becomes:
∂V
B ∂φ ∂ ρα
=
( ) + αS.
∂Z
Rρ ∂ζ ∂R B 2

(14)
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Figure Captions
1. Model proﬁles used in calculation a) density b) pressure and c) rigid rotation equilibrium potential proﬁle.
2. Radial proﬁle of equilibrium net (EXB + diamagnetic) ﬂow.
3. Radial proﬁle of perturbed potential.
4. Midplane contours of perturbed potential.
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Fig. 1 Model Profiles unse in calculation; a) Pressure, b) density,
c) equilibrium electrostatic potential.
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